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Wedge-local fields in interacting quantum field theories with bound
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Daniela Cadamuro
The construction of interacting quantum field theories is a hard task due to the
complicated structure of local observables in the presence of interaction. In the
class of quantum integrable models in 1 + 1-dimensional Minkowski spacetime the
construction becomes more tractable due to the particular type of interaction.
Integrable models describe systems of relativistic particles subject to elastic scat-
tering, where the momenta of the particles and the particle number are conserved,
yielding infinitely many conserved quantities. As a consequence, the S-matrix is
of “factorizing” type in the sense that the scattering of n particles is the product
of two particle scattering processes.
These models have been treated with various methods. Using the perturbative
approach, one computes the S-matrix elements, and therefore the Green’s func-
tions, of the theory. However, Lagrangians are usually complicated enough that
the construction remains at perturbative level. An exception is the sine-Gordon
model where Fro¨hlich and Seiler [1] compute the Euclidean Green’s functions and
show that the S-matrix is non-trivial. However, it has not been proven that the
S-matrix is factorizing. Alternatively, the Form Factor Programme [2, 3] bases
the construction on an inverse scattering problem. One postulates the form of the
S-matrix and, via a list of axioms deduced from physical requirements and consis-
tent with the properties of the S-matrix, constructs the n-point functions of the
theory by expanding them in a series of form factors (i.e., certain matrix elements
of the interacting fields). These yield infinite series expansions whose convergence
is hard to control.
A more recent idea due to Schroer [4] avoids these infinite series by consider-
ing, instead of strictly local operators, observables localized in unbounded wedge-
shaped regions. This weaker localization property allows to construct observables
with a simpler expression in momentum space. Strictly local observables can then
be recovered by taking intersection of the algebras generated by observables in
right and left wedges. Using an abstract argument based on a certain phase space
property called modular nuclearity, one would show that this intersection is non-
trivial. Finally, one would solve the inverse scattering problem by computing the
S-matrix of the input by methods of Haag-Ruelle scattering theory. This operator-
algebraic approach has proved to be successful for the construction of a large class
of integrable models. These are models of bosons with an S-matrix analytic in
the physical strip (a certain region of the momentum complex plane), including
the Ising and sinh-Gordon models with one particle species [5], Federbush-type
models [10] with several particle species; there are also partial results in the O(N)
non-linear sigma models [6, 7].
However, models where S-matrix components have singularites in the physical
strip have not been treated in this framework before. In [8, 9], together with
Y. Tanimoto, I obtained first results in this direction. The models we consider
have S-matrices whose components have a certain pole structure in the physical
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strip. Examples are the Bullough-Dodd model, the Z(N)-Ising model, the affine-
Toda field theories, the sine-Gordon and Thirring models. These models are of
interest since a pole in the physical strip is believed to correspond to a bound
state. The idea is that two particles of type α, β can scatter with the exchange of
a unitary factor, the S-matrix component Sαββα(θ1 − θ2), but the type of particles
stays the same in scattering. In this case, the S-matrix is said to be “diagonal”.
We denote with θ1, θ2 the rapidities of the particles α, β, which parametrize their
momenta. The two particles can also fuse into a third particle of type γ in the
following sense:
(1) pmα(θ + iθ(αβ)) + pmβ (θ − iθ(βα)) = pmγ (θ),
i.e., the momenta of two virtual particles add to the momentum of a third real
particle (the bound particle) which lies on the mass shell. The numbers θ(αβ), θ(βα)
are solutions of this equation, once the masses of the particles are fixed. The bound
state formed would correspond to a pair of simple poles of the component Sαββα(ζ)
in the physical strip 0 < Im ζ < pi. These are the s-channel pole, which is located
at ζ = iθαβ = iθ(αβ) + iθ(βα) and the t-channel pole, which arises due symmetry
properties of the S-matrix. The possible fusion processes, that we denote by the
symbol (αβ) → γ, are characteristic of each model and they form their fusion
tables. Here, we will focus on the Z(N)-Ising model, where the particles are of
type 1, . . . , N − 1, the possible fusions are of the form (αβ) → α+ βmodN , and
the anti-particle α¯ of a particle of type α is N − α.
For each pair α, β, the component Sαββα(ζ) of the S-matrix is a meromorphic
function on C, fulfilling a number of axioms [9, Sec. 2.1], including unitarity,
crossing symmetry and the Bootstrap equation. As an example, the crossing
symmetry relation reads Sαββα(ipi − ζ) = S
β¯α
αβ¯
(ζ), for ζ ∈ C. In the Z(N)-Ising
model, the component S1111(ζ), fulfilling the above properties, is given by
(2) S1111(ζ) =
sinh 12
(
ζ + 2pii
N
)
sinh 12
(
ζ − 2pii
N
) ,
and one can construct all the other S-matrix components by using the Bootstrap
equation. Specfically, the components Sαββα with only indices of type 1 and N − 1
have at most two simple poles in the physical strip and no other poles. These
components play a crucial role in the proof of weak wedge-commutativity, as we
will explain below.
For an S-matrix Sαββα analytic in the physical strip, Lechner constructed quan-
tum fields φ, φ′ with the property that they commute when smeared with test
functions supported in the left and right wedge, respectively. This computation
relies on a shift of an integral contour where the integrand contains Sαββα . In the
case where the S-matrix has poles in the physical strip, shifting the integral con-
tour yields the residues of Sαββα , and φ, φ
′ are no longer wedge-local. To overcome
this problem, we introduce a new field φ˜ = φ + χ by adding the so called bound
state operator χ to the field φ, so that the commutator of χ with its reflected
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operator (by the action of the CPT operator) χ′ cancels the above residues. χ
acts on a one-particle vector ξβ as follows, if (αβ) fuse into some γ,
(3)
(
χ1,α(f)ξ
)γ
(θ) := −iηγαβf
+
α (θ + iθ
γ
(αβ))ξ
β(θ − iθ(βα)),
where the matrix elements ηγαβ are related to the residues of the S-matrix. One
can show that this operator is densely defined and symmetric on a suitable domain
of vectors, but it is not self-adjoint on a naive domain. To prove (weak) wedge-
commutativity, one shows that the commutator of the reflected field φ˜′ with φ˜
vanishes for test functions supported in right and left wedges, respectively, in the
weak sense, i.e. in matrix elements between suitable vectors. In this computation
in the Z(N)-Ising model, the components of the test functions, and therefore the
S-matrix components, are restricted to particles of type 1 and N − 1, limiting the
number of poles in the physical strip. Strong commutativity has not been proven
yet. For this, one would need to show the existence of self-adjoint extensions of
φ˜(f) and φ˜′(g), and select the ones that strongly commute. This is a non-trivial
task, but some progress has been made in the Bullough-Dodd model. φ˜(f) is
also a polarization-free generator but not temperate. In the case of many particle
species, we can prove the Reeh-Schlieder property only for models with two species
of particles.
In the operator-algebraic approach, we are interested in the following question.
Let us suppose that strong commutativity hold for a certain extension φ˜−. We
consider the von Neumann algebras
(4) A(WL + x) = {e
iφ˜(f)− : supp f ⊂WL + x}
′′
,
and similarly for the right wedge. Observables localized in bounded regions are
obtained as intersections of von Neumann algebras
(5) A(O) := A(WL + x) ∩ A(WR − y), O = WL + x ∩WR − y.
The problem would then be to show that this intersection is non-trivial, i.e., tech-
nically, that the vacuum of the theory is cyclic and separating for the local algebra.
Finally, Haag-Ruelle scattering theory would be applied to compute the S-matrix
of the input and solve the inverse scattering problem. This would yield a complete
construction of the theory, and is part of our future work.
Concluding, the construction of integrable models with bound states is a new
promising direction in constructive quantum field theory. The Bullough-Dodd
model, the Z(N)-Ising model and affine-Toda field theories are among those mod-
els which we hope to fully construct using operator-algebraic techniques. An in-
teresting problem would be to extend our construction to the sine-Gordon and
Thirring models, comparing our construction to the Euclidean methods in [1]. It
would also be interesting to investigate whether such models can be seen as de-
formation of a free field theory in the spirit of Lechner’s work, as well as to study
the quantum group symmetry of the affine-Toda field theories.
3
References
[1] J. Fro¨hlich and E. Seiler, The massive Thirring-Schwinger model (QED2): con- vergence
of perturbation theory and particle structure, Helv. Phys. Acta 49(6) (1976), 889–924.
[2] H. Babujian and M. Karowski, Towards the construction of Wightman functions of in-
tegrable quantum field theories, Proceedings of 6th International Workshop on Conformal
Field Theory and Integrable Models 19 (2004), 34–49.
[3] H. Babujian, A. Foerster and M. Karowski, Exact form factors in integrable quantum field
theories: the scaling Z(N)-Ising model, Nuclear Phys. B 736(3) (2006), 169–198.
[4] B. Schroer, Modular wedge localization and the d = 1+1 formfactor program, Ann. Physics,
275(2) (1999), 190–223.
[5] G. Lechner, Construction of quantum field theories with factorizing S-matrices, Commun.
Math. Phys., 277(3) (2008), 821–860.
[6] S. Alazzawi, Deformations of quantum field theories and the construction of interacting
models, Ph.D. thesis, Universita¨t Wien (2014), available at arXiv:1503.00897.
[7] G. Lechner and C. Schu¨tzenhofer, Towards an operator-algebraic construction of integrable
global gauge theories, Ann. Henri Poincare´, 15(4) (2014), 645–678.
[8] D. Cadamuro and Y. Tanimoto, Wedge-local fields in integrable models with bound states,
Commun. Math. Phys., 340(2) (2015), 661–697.
[9] D. Cadamuro and Y. Tanimoto, Wedge-local fields in integrable models with bound states
II. Diagonal S-matrix, accepted for publication in Ann. Henri Poincare´ (2016).
[10] Y. Tanimoto, Construction of two-dimensional quantum field models through Longo-Witten
endomorphisms, Forum Math. Sigma, 2 (2014), e7.
4
